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Abstract. For asymptotically hyperbolic manifolds of dimension n with scalar 
curvature at least equal to —n{n — 1) the conjectured positive mass theorem 
states that the mass is non-negative, and vanishes only if the manifold is iso- 
metric to hyperbolic space. In this paper we study asymptotically hyperbolic 
manifolds which are also conformally hyperbolic outside a ball of fixed radius, 
and for which the positive mass theorem holds. For such manifolds we show 
that the conformal factor tends to one as the mass tends to zero. 
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1. Introduction 

The mass of an asymptotically hyperbolic Riemannian manifold is a geometric 
invariant which has been introduced by Wang [26] and Chrusciel and Herzlich [11] 
using slightly different approaches. The mass is computed in a fixed asymptotically 
hyperbolic end and gives a measure of the leading order deviation of the geometry 
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from a hyperbolic background metric in the end. For the family of Anti-de Sitter- 
Schwarzschild metrics the mass coincides with the mass parameter. 

In both papers mentioned above, a positive mass theorem is proved for spin 
manifolds using an adaptation of Witten's spinor argument |27j . This theorem 
states that a complete asymptotically hyperbolic spin manifold of dimension n 
must have non-negative mass if its scalar curvature is at least equal to —n{n — 1) 
(which is the scalar curvature of hyperbolic space). Previous work in the physics 
literature include [T], [T3], [1]. 

The positive mass theorem also contains a rigidity statement saying that the 
mass vanishes if and only if the manifold is isometric to hyperbolic space. In 
Witten's spinor argument the rigidity follows from the fact that vanishing mass 
forces a certain spinor field to satisfy the overdetermined Killing equation, which 
implies that the manifold is hyperbolic. Without the spin assumption the positive 
mass theorem for asymptotically hyperbolic manifolds is still open. Partial results 
have been obtained by Anderson, Cai, and Galloway in pi where an adaptation 
of the minimal surface method of [23] is used, see also [17, Section 5|]. In ^ the 
rigidity in the case of vanishing mass is proved by first showing that the manifold is 
Einstein. This is done by an argument involving a deformation of the metric by the 
traceless Ricci tensor, if this is non-zero one can deform to a metric with strictly 
negative mass which gives a contradiction. 

With the rigidity statement of the positive mass theorem in mind, it is natural to 
ask what happens if the mass is close to zero and scalar curvature at least equal to 
—n{n— 1). Must the manifold then be close to hyperbolic space in some appropriate 
sense? Such a statement can never hold true globally, as can be seen by the example 
of the Anti-de Sitter-Schwarzschild metric. 

The same question can be asked in relation to the rigidity part of the positive 
mass theorem for asymptotically Euclidean manifolds: must an asymptotically Eu- 
clidean with small mass and non-negative scalar curvature be close to Euclidean 
space in some sense? Asymptotically Euclidean spin manifolds with small mass 
have been studied by Bray and Finster, see [7] and [T^]. From estimates on the 
spinor field in Witten's argument they find that the L^-norm of the curvature tensor 
(over the manifold minus an exceptional set) is bounded in terms of the mass. Lee 
[2T] studies asymptotically Euclidean manifolds which are conformally fiat outside 
a compact set. For such manifold he proves that the conformal factor can be con- 
trolled by the mass, so that the conformal factor tends to one as the mass tends to 
zero. The argument by Lee does not need the manifold to be spin, but it needs the 
assumption that the positive mass theorem holds for any asymptotically Euclidean 
metric on the manifold. 

In the present paper we will adapt the ideas of Lee to the setting of asymptotically 
hyperbolic manifolds. We define a class of n-dimensional asymptotically hyperbolic 
manifolds {M,g) which have scalar curvature greater than —n{n — 1) and have a 
chart at infinity <^ : M\K ^ H" \ Bfi^ , where if is a compact subset of M and 
i?o is a given fixed radius. Also $h.3 is conformal to the hyperbolic metric, 

where k — ;j32' ^^'^ ScaF — ~n{n — 1) on M \ K. We must assume further that 
the positive mass theorem holds for any asymptotically hyperbolic metric on the 
manifold M . We prove that given any e > 0, there is a (5 > such that if a metric 
belongs to this class and has mass m < 5 then the conformal factor U satisfies 
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|J7 — 1| < £. We refer the reader to Definition 13.11 and Theorem lAl for precise 
statements of the results. 

The overall strategy follows , we define a 1-parameter family of asymptotically 
hyperbolic metrics involving a geometric property of (M, g) and look at their mass. 
If the mass of (Af, g) is close to zero and if it varies too widely with respect to 
the parameter, this yields a contradiction with the positive mass theorem. The 
geometric property of (Af, g) we use measures how far the metric g is from being 
static (see Proposition 13. 1 ip . This is a refinement of the deformation argument for 
rigidity in , it allows us in a sense to localize the deformation of the metric in a 
compact subset. 

We also give a simpler proof for spin manifolds, see Theorem [BJ This argument 
is based on the fact that the mass controls a certain functional which measures 
how close (M, g) is to allow a Killing spinor, and this functional in turn depends 
continuously on the conformal factor U . 

The most stringent assumption of our theorem is probably that the metric must 
be conformal to the hyperbolic metric outside a compact subset. However, a re- 
sult of Chrusciel and Delay [lOl Proposition 6.2] tells us that every asymptotically 
hyperbolic manifold of constant scalar curvature can be approximated by metrics 
which are conformal to the hyperbolic metric outside a ball. 

The small mass theorem of Lee [H] appears as an ingredient in the proof of the 
Penrose inequality by Bray [6] and Bray and Lee [8]. In a forthcoming work we 
plan to adress the adaptation of Bray's proof of the Penrose inequality to the case 
of asymptotically hyperbolic manifolds. 

This paper is organized as follows. In Section[2]we give the definitions of asymp- 
totically hyperbolic manifolds and their mass. Section |3] begins with some results 
on the conformal factors at infinity for manifolds in A{Ro), thereafter we show that 
we can reduce to the case Seal = —n{n — 1) everywhere by a conformal change 
while controlling the mass. We then give the argument of our main theorem, with 
proofs of the more technical lemmas in a separate subsection. In Section |4] we give 
the alternative argument for spin manifolds. Finally, in Appendix[X]we give details 
of the Anti-de Sitter-Schwarzschild metric which are used in the paper. 

Acknowledgments. We thank Julien Cortier and Marc Herzlich for helpful com- 
ments on a preliminary version of this article. 

2. Preliminaries 

2.1. The mass of an asymptotically hyperbolic manifold. Following the work 
of Chrusciel and Herzlich, [TT| and [18] , we define the mass of an asymptotically hy- 
perbolic manifold. For conformally compact manifolds the definition of the asymp- 
totically hyperbolic mass coincides with the mass introduced by Wang in j26j . In 
this paper we denote n-dimensional hyperbolic space by H" and its metric is de- 
noted by b. We fix a point in H" as origin, in polar coordinates around this point 
we have b = dr^ -f sinh^ ra on (0, oo) x 5""^ where a denotes the standard round 
metric on S""^^. The open ball of radius R centered at the origin is denoted by Bn 
and its closure is denoted by Br. 

Let M := {V & C°°(H") | Hess'' F = Vb}. This is a vector space with a basis 
consisting of the functions 

V(o) = coshr, V(i) — sinhr, . . . , V(„) = sinhr. 
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, , x" are the coordinate functions on E" restricted to 
5""^. The vector space Af is equipped with an inner product 77 of Lorentzian signa- 
ture characterized by the condition that the basis above is orthonormal, ?7(V(o) 1 ^(0)) = 
1, and ry(y(j), V(i)) = — 1 for i = 1, . . . , n. We give Af a time orientation by spec- 
ifying the vector V(o-) to be future directed. The subset Af'^ of positive functions 
then coincides with the interior of the future hghtcone. Also we denote by Af^ the 
subset of Af'^ of functions V with ri{V, V) — 1, this is the unit hyperboloid in the 
future hghtcone of A/. For a point po e H" the function 

V := coshdb{p, ■) 

is in Af^ , and any function in Af^ can be given in this form. 

A Riemannian manifold {M, g) is called asymptotically hyperbolic if there is a 
compact subset K C M and a diffeomorphism ^ : M \ K H" \ Bn for which 
$,5 and b are uniformly equivalent on H" \ Bji and 

/ (|e|2 + |V''e|^)coshr V < 00, (la) 

Is^* + n(n - 1)1 coshrd^'' < 00, (lb) 

where e '■— — b and r is the (hyperbolic) distance from an arbitrary given point 
in H". The diffeomorphism $ is also called a chart, or a set of coordinates, at 
infinity. 

The linear functional on Af defined by 
H^{V) ^ HliV) = \im I (v{diY^e~diT^e) + {iT^e)dV-e{\I^V,-)]{ur)dij!' 

is called the mass functional of {M,g) with respect to $. Proposition 2.2 of [11] 
tells us that the limit involved in the definition of exists and is finite when the 
decay conditions (fTa | -(jlb p are satisfied. If $ is a chart at infinity as above and A 
is an isometry of the hyperbolic metric b then A o <i) is again a chart at infinity and 
it is not complicated to check that 

If $1, $2 are charts at infinity as above, then [I8l Theorem 2.3] tells us that there 
is an isometry A of 6 so that ^2 — Ao modulo lower order terms which do not 
affect the mass functional. 

The mass functional JJ$ is timelike future directed if Hq,{V) > for all V E A/""*". 
In this case the mass of the asymptotically hyperbolic manifold (Af, g) is defined 

by 

2(n - l)w„_i A^i *^ ^ 

Here ujn-i denotes the volume of the sphere (5""^, a). The factor in front of the 
infimum is such that the mass of the space-like slice 

^ + ^2, 

of the Anti-de Sitter-Schwarzschild metric is equal to the parameter m in the metric. 
Note that Chrusciel and Herzlich (TTJ (3.5) and (3.6)] define without this factor. 
If ff| is timelike future directed we may replace the coordinates at infinity $ by v4o<i) 



5AdSS = — 2 _ 2m + P ^ 
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for a suitably chosen isometry A so that — 2(K-i)tj — 7^S(^(o))- Coordinates 
with this property are called balanced. 

The positive mass theorem for asymptotically hyperbolic manifolds, [TT| Theo- 
rem 4.1] and [Ml Theorem 1.1], states that the mass functional is timelike future 
directed or zero for complete asymptotically hyperbolic spin manifolds with scalar 
curvature Seal > ~n{n — 1). In [2j Theorem 1.3] the same result is proved with the 
spin assumption replaced by assumptions on the dimension and on the geometry 
at infinity. 

2.2. Conformally hyperbolic metrics. We now compute the mass functional 
of a metric g which is asymptotically hyperbolic and conformal to the hyperbolic 
metric in the chart at infinity. That is g — U'^^*b where C/ is a positive function 
and we set k := ^^^^ "we do throughout the paper. In this case e — fb where 
/ := (J/" — 1). The metric g is asymptotically hyperbolic if e satisifes dial) - (jib I) , 
which turns into weighted integral conditions on U and its first two derivatives. 
The mass functional becomes 

HiV) = lim / ifdrV - Vdrf) dfi". 

Assume that the function U has the expansion 

on 

n + 1 ^ ' 

in polar coordinates, where w is a function on S"^^^ . Then 

and in particular we have 

1 



i9 < 



-^1(^(0)) = 7 77. / (2) 



2(n - l)a;„_i (n - 2)w„_i Js^-i 

where equality holds if $ is a balanced chart at infinity. 

3. Near equality case of the positive mass theorem: the general case 

In this section, we prove an analog of the main result of [211 . We first introduce 
the following class of asymptotically hyperbolic manifolds. 

Definition 3.1. For i?o > we let A{Rq) be the class of 4-tuples (M, g, $, U) such 
that 

• (M, g) is a complete asymptotically hyperbolic Riemannian manifold with 
respect to $, where $ is a diffeomorphism from the exterior of a compact 
set if c M to H" \ Bi^o, 

• ScaF > -n(n - 1), and ScaF = -n{n - 1) on M \ K, 

• ?7 is a positive function on ]HI"\i3flg such that C/ -> 1 infinity and ^^,g — If^b, 

• the coordinates at infinity $ are balanced, 

• the positive mass theorem holds for any asymptotically hyperbolic metric on 
M. 



We will prove the following theorem concerning the near-equality case for the 
positive mass theorem. 
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Theorem A. Let Ri > Ro and e > 0. Then there is a constant 6 > so that 

\U-1\< ee-"'' 
on H" \ Br^ for all {M, g, $, U) G A{Rq) with < S. 

We fix once and for all the value of Rq and abbreviate .4 = .4(i?o)• 
3.1. A priori estimates. We first prove estimates on the conformal factor U which 
are valid for any element of A. 

Lemma 3.2. There are positive constants A, Ak, fc = 0, 1, . . ., such that for any 
{M, g,^,U) belonging to the class A we have 

1 



^<U<A, 



for fc > 0, 



Note that these estimates are specific to the case of asymptotically hyperbolic 
geometry. In the Euclidean context they cannot be true due to the fact that the 
Yamabe equation (which is then the Laplace equation) is linear. 

Proof. The assumption on the scalar curvature of $*(7 = If^b on H" \ Bj^g implies 
that U solves the Yamabe equation 

- "^^^ ~ A''U - n{n ~ 1)U = -71(71 - (3) 

on H" \ Bjig . From Propositions lA.ll and IA.2I we know that there exists a solution 
U+ of Equation © on W\Bii„ such that U+ = l+0(e-"'') at infinity and U+ ^ 00 
on dBii„ . Now the same argument as in [M] Proposition 3.6] can be used to show 
that U < U+. Namely, the substitution U — e"^ brings equation ([3]) into the form 

_4(n-_^ (AV + Idifill) - n(7i - 1) = -n{n - l)e"^. 
71 — 2 ^ 

Subtracting the respective equations for ip^ and f gives 

^^'^ " {A''{^+ - (p) + (d(^+ - d{^+ + ^)),) + n{n - 1) (e«^+ - e^^ = 0, 



2 



and from the standard maximum principle we conclude that ip^ > (p, hence U-f- > U. 
Similarly, from Proposition IA.31 there exists a function C/_ such that solves 
Equation U- = 1 + 0(e""'') at infinity, and U- = on OBr^. From the 
maximum principle we also conclude that U- < U . 

We can now finish the proof of the lemma. The existence of the constants A and 
Ao follows from the fact that U- < U < U+ on H" \Br^. Finally, since u = U -1 
satisfies 

_ 4(n- ^ ^ _ . ^ +1 _ 

71 — 2 

we can apply elliptic regularity in balls of fixed radius as above and combine with 
standard bootstrap arguments to get the existence of constants Ak for k > 1. □ 

From the estimates in Lemma 13.21 together with © we conclude that the mass 
is uniformly bounded in A. 
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Corollary 3.3. There exists a constant C ~ C{Rq) such that for all elements 
{M, g,^,U) belonging to the class A{Ro), the mass satisfies < C. 

Proposition 3.4. Let Ri > Ro be a fixed radius. Then there exists a constant 
C > such that for any {M,g, $, U) in the class A we have 



|i7-l|<C sup |C/-1| e""" (4) 

on H" \ Br^ . 

Proof. From Appendix |X] we know that there exist functions and /,„_ which 
solve ^ on H" \ Bjig, and satisfy f„i^ — > oo on dBj^g, /,„_ = on dB^^. From 
the proof of Lemma [3.21 we know that fm_ < U < fm+ on H" \ 

Let < TO < TO+, then /,„ with 1 < /„ < is defined for r > Ri. From the 
proof of Proposition lA.ll we know that < /,„ — 1 < Cme~"'^ for r > ri (to) :— 
max{i?i, r((2TO)^/")}. It is not complicated to extend this estimate to the whole 
interval r > Ri. Indeed, let ^ > be such that Ri = r((2/z)^/"). If < to < 
then we have ri (/i) = i?i , hence the estimate already holds for r > i?i . Therefore 
it suffices to consider the case /i < to < to+ which corresponds to the situation 
ri{m) > Ri. Since is decreasing we have /,„ - 1 < /m(i?i) - 1 < - 1 

on i?i < r < ri{m), whereas me^"'' > /ie""''^*^'"^ > ^e~"''i^™+-' on this interval. It 
is now clear that up to increasing C if necessary, we can assume that the inequality 
< /m — 1 ^ Cme~"'^ holds for r > Ri. In the rest of the proof, a constant C > 
might vary from line to line but remains independent of m. 

Using Proposition IA.3I we can similarly prove that the inequality Cme~^^ < 
/m — 1 < holds for r > i?i in the case when to_ < to < 0. This yields 

|/™-l|<C|TO|e-"'^ 

for TO_ < TO < TO4- and r > Ri. Let us now chose rn^m G (to_,to+) so that 
/m(-Ri) = infasjij U and fmiRi) = supg^^ U. Again, the use of the maximum 
principle as in the proof of Proposition lA.ll yields < U < fm on H" \ Bji^ . 
Consequently, we have the estimate 

\U-1\< Cmax{|TO|,|TO|}e-"'' 

on \ Br, . 

With all these preliminaries at hand, (|3]) is a simple consequence of the fact that 
there exists a constant C > such that 

I'Tll < C|/„(i?i) - 1| for TO_<TO<TO+. (5) 
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Indeed, if we assume that this estimate holds, then 

|L/ - 1| < Cmax{|/„(i?i) - 1| , - 1|} e-"- 



C max ■ 



inf U -I 



inf (U - 1) 



sup [7 — 1 



sup {U - 1) 



< C sup \U -l\ 



< c 



sup \U~1\ 

M"\dBR^ 



Consequently, in order to complete the proof, we only need to prove ([5|). In fact, 
([5]) will follow from the monotonicity of fm if we show that 



|"^| l£ C\f„iiR2) ^ 1| for "ni- < m < m^, 



(6) 



for some i?2 > Ri- We fix i?2 > max{ro(m+), i?i} and set x :~ }m{R2)- It is 
clear that /m_(^2) < 2; < /m+(-R2) for m_ < rn < m+, and that r^^(i?2) = 
sinhi?2 > a (to). Then (HH) yields 



dp 



sinhfe p /I - ^ 



2 _ 2m sinh(r) 



We define 



F{x, m) :~ 



dp 



2m 



where fm-{R2) x < /m+(^2)i < to < It is straightforward to check 

that 



dF 
dm 



dp 



3/2 



> 



dp 



+ (R2) 



- 



3/2 ■ 



is positive and uniformly bounded away from zero, and that 
dF _ 2 
dx 



{n ~ 2)xJl + a;"~2 (sinhi?2)2 



2m 

(sinh i?2 )^^'^ 



is uniformly bounded. We conclude that there exists C > such that |TO'(a;)| < C 
for X £ (/m_ (^2), /m+(-R2))- Finally, applying the mean value theorem we arrive 
at © and thus © follows. □ 

Corollary 3.5. There exists a radius R2 > Ri such that for {M,g,^,U) G A 
the function |?7 — 1| reaches its maximum over H" \ Bji-^ in the annulus An^^n^ = 
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Proof. Choose R2 such that Ce "-^^ < 1. Then for any point such that r > R2 we 
have 



\U-l\<C{ sup \U-l\\e-"''< sup \U-1\. 



□ 



3.2. Reduction to constant scalar curvature. The aim of this section is to re- 
duce the proof of Theorem [Xl to the particular case of metrics with constant scalar 
curvature ScaF = —n{n — 1). For this we show that the conformal factor trans- 
forming the metric g to a metric with constant scalar curvature can be uniformly 
controlled on H" \ Bn^ by the difference between the masses (more exactly of the 
time components _ff$(V(o)) of the mass functional) of the two metrics. This is the 
content of Proposition 13.61 This reduction turns out to be convenient to obtain 
estimates in the second part of the proof. 

We introduce the restricted class ^o(^o) of 4-tuples {M,g, ^,U) & A such that 
ScaF = —n{n — 1) on all of AI. In the proof of Theorem \K\ we first show the result 
for elements of Aq = Ao{Ro), the following lemma will allow us to extend the proof 
to the larger class A. A similar result can be found in 2, Proposition 3.13]. 

Proposition 3.6. Given (M, g, U) G A, there exists a unique positive function w 
on M such that g := w'^g is asymptotically hyperbolic with constant scalar curvature 
ScaF = —n(n — 1). The metric g has mass < . Further, for p > n/2 there 
is a constant C > independent of {M,g, $, U) such that 



sup 



U-U 



< C 



m" — m~ 



where U '■= Uw. 



To prove this lemma we first make a certain observation about {M, g, $, U) E A. 
If we set U = 1 + u then ([3]) can be written in the form 

m"^ + {n — 1) cothru'j. — nu = f{u) — sinh^^ rA'^w (7) 

where 

fin) ■.^^^[il+u)^--l-—-^u 

We remark that the ordinary differential equation 

u"{r) + [n — 1) cothr u'(r) — nu{r) — 

has the solutions 

Mo = coshr/ 2 c't = -e"'"^ -f 0(e"^"+^^''), ui = coshr. 

Jr cosh T sinh r rt + 1 

Lemma 3.7. Suppose U = 1 + u is such that u satisfies ([7]) on H" \ Bt^u and the 
metric U'^b is asymptotically hyperbolic with respect to the identity chart at infinity. 
Then v := u/uo satisfies 



v(s) a/1 > m 

l-^^^Voshrsinh"-ir f / f{u{r,e))dfiA dr 
coshr Mo(s)y VJS"-i / 
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where mF is the mass of the metric If^b. Equality holds if the identity chart at 
infinity is balanced for W^b. 

Proof. We observe that v'^ — 0{1) by Lemma [3.21 Substituting u ~ uqv into ([7]) 
we get 

uqv'j'.^ + (2uq + (n — 1) cothr uo)v'j. — f{u) — sinh^^ rA'^u. 
If we multiply this equation by uq sinh"^"'^ r we obtain 

(wg sinh""^ ^^r)r ~ "0 sinh"^^ r (/(m) — sinh^^ rA'^u) . 
Integration from t to cxi gives 

{ul sinh""^ r v'^) ^^^^ - {ul sinh""^ r v'^) |^^^ 

uo{r) sinh""^ r {f{u{r, 9)) - sinh"^ rA'"u(r, 9)) dr. 

Since u§sinh"~^ru^ = 0(e~*^"+^-''") the first term in the left hand side vanishes, 
and consequently we have 
1 



-v'rit, S) = , . / Mr) sinh"~i r {f{u{r, 9)) - sinh^^ ^^-^(r, 0)) dr. 

Mg(tjsmh tJt 

Integrating from s to oo and changing order of integration we obtain 
v{s) — lim v{r) 

1, ^ . , n-1 / "o(0 smh"-i r (/(u(r, 0)) - sinh-^ rA'^u(r, 0)) drdi 
u5(t)smh" ^tJt 

{ [ — i ) UQ(r) sinh""^ r (/(u(r, 0)) - sinh"^ rA'"u(r, 0)) dr. 

Uo(^)sinh" t ) 

Here the integral over t is 

^ dt 

1 

di 



OO 



oo 



sinh"-'i 

1 



cosh' t sinh"-i i ( r ^, \„ , dr) ' 

VJt cosh T smn r / 

( \ 

V cosh"^ r sinh""-'- r > 



di 



Jt cosh r sinh" r 

1 1 



f°° — o — ^ !,„-! dr f°° — 73 — "1 . „_i dr 

cosn r smn r cosh r smn r 

cosh r cosh s 
uo{r) uo{s) ' 



thus 
v{s) — lim w(r) 

r— >oo 

/ cosh r cosh s 



\uo{r) uo{s) 
From ([5]) we have 



uo{r) sinh""^ r (/(w(r, 9)) - sinh"' rA'"w(r, 6*)) dr. 



m < lim / v[r) d/i 

2 r^ooJg„_i 
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SO when we integrate over S" ^ we arrive at 



v[s) ail 2 



> / f ^ - ^ ) "o(r) sinh"-i r ( / /(u(r, 0)) d^'^ ) dr 



\uQ{r) Uq{s) 



> / ( 1 _ £^ !^ ) cosh r sinh"-i r ( / /(u(r, 0)) ) dr, 



coshr uo(s) ^ 

with equahty if the coordinates at infinity are balanced. □ 

Proof of Proposition \3.b\ The existence of the function w is guaranteed by [3] The- 
orem 1.2] which says that any asymptotically hyperbolic manifold is conformally 
related to one with scalar curvature —n{n — 1). The function w is a solution of the 
Yamabe equation 

Mn — W 

^ '^A^'w + ScaFu; = (8) 



n- 2 



Since ScaF > —n(n — 1), the constant function 1 is a supersolution of ([8|). Ap- 
plying the maximum principle as in the proof of Lemma 13.21 tells us that w < \. 
Consequently, since both U and U satisfy the Yamabe equation ([3]) , it follows from 
the proof of Lemma [O that < t/ < C/ < J7+ on H" \ Br^. We set u = [/ - 1, 



V = Uq ^u, and we note that u < u and v < v. Since $ are balanced coordinates at 
infinity for g (but not necessarily for g) we see from ^ that 

^ {v-v) dfi" > 0. 



{n - 2)w„_ 



1 JS"-i 



Again since $ are balanced coordinates at infinity for g we conclude from Lemma 
Othat 

{n — 2)u!„ 



coshs UQ{r 
coshr uo(s 



1 - ^^^^^^^4 ) coshr sinh"-^ ( / {f{u{r,9))~f{u{r,9)))dfi'' 



Observe that 

Q ^ coshs Up (r) ^ ^ 
~ coshr uq{s) ~ 

Moreover, recall that it+ ~ U+ — 1 > 0. Therefore we can use mean value theorem 
to show that 

f{u) - fiu) = f'itu + (1 - t)u)){u ~ u) 

< C{tu + {1 - t)u){u-u) 

< Cu^(u — u) 

= CuqV+{uqV — Uqv) 

= CuqV+{v — v). 
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where < i < 1, the constant C > depends only on /, and v+ = Uq^u+. 
Consequently, we can estimate 

{v{s, 0) - v{s, 0)) dfi" < ~ ^^^"""'^ (mf - m^) 

+ / F{r)( f {v{r,0)-v{r,e))dfiA dr, 



where -F(r) := C" coshr sinh" ^ r UQ{r)vj^{r). 

We now argue as in the proof of Gronwall's lemma and prove the estimate 

/ {v{s, 0) - vis, 0)) dfi'^ < ~ (mg - mg) e^^ . (9) 

We first consider the case when — > and set 
G{s) := ('^~'^)'^^-^ (^„,9 -mP^+ F{r) (^j (v(r, 0) - v{r, 0)) dfi"^ dr. 

Thus we have Js„{v{s,0) - v{s,0)) dfj." < G{s), and G(s) > C(to9 -m^). It is 
also clear that 



G'is) = -F{s) / {v{s, 0) - v{s, 0)) dfi" > -F(s)G(s). 
Since G{s) > we conclude that 

Integrating this inequality from s to cx) we get In 2)a;„_i _ ^^g'^^ — In G(s) > 
- F{t) dt. This yields 

Gis) < ("'^^^"^"-^ - m?) efr m 

which in its turn implies ©. Note that © also holds for — = which 
follows by passing to the limit when — mP > and — — >■ in ©. 

As a consequence we can estimate the L^-norm of v — v over the annulus Ar-^ 
where i?o < fi < -Ri < ^2, 



< / {2v+Y~\v-v)d^Ji^ 



{2v+)P-^ sinh""^ r(^J {v{r, 0) - v{r, 0)) dfi^^ dr 
<c(m3 - . 



We are now about to obtain the estimate stated in the lemma. The equation for 
U — U reads 



4(n- 1) 
n-2 



''{U -U)~ n{n -!)([/-[/)= -n{n - 1) (u''+^ - C/'^+i) 
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~\ 1/P 



Since uo is bounded we have that 

By the mean value theorem we have 

_ ^^+1 ^ ^ 1) ^fjj _^ (1 _ 0^ 

< GUI (U - 

<c(u-u^ 



on j4ri,r2- Hence 



^.+1 _ c/«+i||^,(^^^^^^) <c{mO- m^y^" . 
Now elhptic regularity yields 
U-U 

where ri < r[ < and by embedding theorems we conclude that 



sup 



U-U 



< C (ms - ms) 



Set if := log [/ and (p := log C/. Then ip — ip is non-negative, tends to zero at 
infinity, and satisfies 

-^^^ (^'(^ - ^) + - ^("^ + + - 1) (^"*' - ^^^) = 0- 

If the maximum of — ^ is attained at an interior point of H" \ Bn^ we get a 
contradiction, and thus 



log f/ — log f/ < sup (logf — logJ7) 



on H" \ . By the mean value theorem we have 



log U — log U 



U-U 



> 



U-U 



tU + {l-t)U I ^ U-U 



U-{Ri) 



Thus 



U -U <U+{Ri) (log U -\ogU 

< U+{Ri) sup flog U - log u) 



< . sup 



(U-U) 



U-{Ri) obr^ 

/ ~\ i/p 

< C f - ms j 

on H" \ Bflj , which concludes the proof of the lemma. 



□ 
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3.3. Strategy of the proof of Theorem |A] for metrics with constant scalar 
curvature. In this subsection, we discuss the main strategy of the proof of Theo- 
rem [X] for metrics with constant scalar curvature, deferring the proof of technical 
lemmas to the next subsection. The basic idea is to apply the positive mass the- 
orem to a certain 1-parameter family of metrics. To define it, we first modify the 
metric g in an annulus (see Equation (jlip ) and conformally transform it to fulfill 
the assumption Seal > —n{n — 1) of the positive mass theorem. 

In the first lemma we prove the existence of a function V which solves A^V — nV 
and is asymptotic to V(o). For functions Vi and V2 on M we write Vi ^ V2 if V1/V2 
tends to 1 at infinity. 

Let i?Q, i?g , R'l and R'( be constants such that 

Lemma 3.8. Let (M, g,^,U) G A. There exists a unique solution to the 
equation 

= nV (10) 
such that ^ V(o) . There exist universal functions 

such that for some constants Co, Ci > 0, 

|^±-^(o)| <Coe-("-l)^ 

V- <V^ < v+, 

and 

\dV<^ -dV^o)\g<Cie-^"~'> 

on H" \ Bfji^. Further, there exist constants B2, B3, . . . depending only on R'q,Rq 
and R'l such that for any integer k > 2 



< Bk on Ar'^^r'!- 



Define 

T:=m:^^^^. 

We choose a smooth function x such that 

fO or, Br,,, 
X = < 1 on Ar^^r,^, 
[0 onW'\BR.,. 

and define the metric 

9s-^9~sxT (11) 

for small values of the parameter s. 

Next we recall the definition of the weighted local Sobolev spaces, see [14] for 
more details on these spaces. Let p € (l,cxi), k a non negative integer, and S € 

loc 



be given. We define the X^'^{M,R) function space as the set of functions u G 
Wi^^{M,m.) such that the norm 



ll^llxJ-pfAfR) = sup e'^'' 11" 



is finite. This space is a Banach space. 
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We will conformally transform the metrics gs to have constant scalar curvature 
Seal — ~n{n — 1). The details of this are taken care of by the following lemma. 

Lemma 3.9. There exists sq > such that for all s e [— sq, sq] o^'j^ o.'^y {M, g, $, U) € 
Aq it holds that 

-^g <9s< 2g 

and 

|ScaF= + n{n-l)\<n - 1. 
For any s G [— sq, Sq] there exists a unique positive function ips on M which is 
hounded from above and away from zero such that the metric 

K ^tgs, 

has constant scalar curvature —n{n — 1). The function ips satisfies 

, \ 1/k / 1 1 \ 1/k 



< ips < 



n 

There are constants Co, Ci, . . . such that 

VW(^,-1)| <Cfee-"'- (12) 

holds on H" \ Bji^ for all k > 0. Further, the map s i— )■ (^^ — 1 from the interval 
[—So, So] to Xg'^{M, g) is analytic for any p € (n, oo) and S £ (§i • 

For V = V(o) — coshr we set H{s) H^''{V). This is the time compo- 
nent of the mass functional, which gives an upper bound on the mass, < 
2{n-i)u — Since the coordinates at infinity are balanced for g we have 

= = TT, — F[(0). In what follows we will denote derivatives with 

respect to the parameter s by a dot. 

Lemma 3.10. The map s i~> F[{s) is a function. Further, there is a constant 
A independent of {M,g, $, U) £ Aq such that 

\H{s)\ < A. 

In the next proposition we find that H{0) is related to the L^-norm of Ric^ — 
y^HessV^ on an annulus, which can be interpreted as a measure of "non-staticity" 
of the metric g on the annulus. 

Proposition 3.11. Suppose {M,g,^,U) G Ao and H{s) is defined as above, then 

~g Hess^f 



H{0) = / xV' 



M 



Ric 



V3 



dflS 
9 



We are now ready to prove Theorem \X\ 



Proof of Theorem\^ Applying Taylor's formula to H{s) on the interval (— so,so) 
we find 

H{s) = H{0) + sH{0) + / (s - t)H(t)dt 
Jo 



< H{0) + sH{0) + A / (s - t)dt 

Jo 

< H{0) + sH{0) + |s2. 
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From the assumption that the positive mass theorem holds for any asymptoticahy 
hyperboHc metric on M we have H{s) > 2{n — 1)w„_ito'^-" > for s e (—so, so)- 
That is 



Assuming that -ff(O) < we write the previous inequahty with s = —\J'^^^jp- 
and get 



H(0) < ^jQAHifi) = V4A(n- l)cj„„im9. (13) 

Let e be an arbitrary positive number. We claim that there exists (5 > such 
that any {M,g, $, U) belonging to Aq and having mass < 6 satisfies 

sup |J7-l|<e. 

To prove this we argue by contradiction and assume that there is a sequence 
{Mk,gk,^k,Uk) of elements of ^o such that the mass := m^'' tends to zero 
while \Uk-l\ > e. Using Lemmas [SJl [SH and [HI Proposition 2.3] (ReUich the- 
orems for weighted local Sobolev spaces), we construct functions Uoo and Voo on 
H" \ Bflji as limits of some subsequence of Uk and V^'' as follows. Choose arbitrary 
p G {n, oo) and 6 G (^^,ri). 

• From Lemma the sequence {7^ — 1 is bounded in X^'P(IHI" \ B^^). Hence 

there exists a subsequence converging to some Uqc — 1 in Xg '^. 

• For V, it suffices to remark that the sequence Vk is uniformly bounded 
in W^-P{K) for any compact subset K C H" \ Bji'^ by standard elliptic 
regularity. Hence, by a diagonal process, we can construct a subsequence of 
functions Vk converging in the VF^'^-norm on any compact subset. 

The function Uoc solves ^ and Voo solves A^^^Voo — nVoo where goo ■— U^b. They 
satisfy the asymptotics of Lemmas 13.21 and 13.81 Further, 

(14) 



sup \Uoc 



1 > £. 



The metric goo has mass zero since the mass depends continuously on ?7 — 1 G X^'^ 
(see the proof of Lcmma r3.10p . 

Proposition l3. 11 [ together with the estimate applied to {Mk, gk,^k, Uk) gives 
the inequality 



M 



Ric 



Hess^f^ 



V9k 



d^i^" < y/4:A{n- l)ujn-imk 



for any k. In particular we obtain 



Ric 



Hess^f" 



when we let k tend to infinity. Therefore 



Hess^ff- 

Ric = 



V9^ 
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on Aji'^ jf'^ . By analyticity this equality holds on all of H" \ Bji'^. From Proposition 
IA.4I and the fact that the metric goo has zero mass, we conclude that goo is hyper- 
bolic. This forces Uoo — 1 which contradicts (ITil) . we have thus proved the claim 
stated above. 

The proof of Theorem]^ is then concluded by Proposition |3]6] followed by Propo- 
sition |3ll □ 



3.4. Proof of lemmas. We now complete the proof of Theorem[A]by proving the 
lemmas stated in the previous subsection. 



Proof of Lemma \3.8[ We first construct V± . The construction being lengthy, we 
give only the argument for V+. We want V+ to be a supersolution for Equation [TUl 

-ASV+ + nV+ > 0. 

Since g — If^b on H" \ Bjig (0) the previous inequality is equivalent to 

-AV+ - 2 + nU''V+ > 0. 

We choose V+ to be a function of r so 

.drU 
U 



V'l - (n - 1) coth(r)y| - 2^F| + nW^V^ > 0. 



where a prime denotes a derivative with respect to r. From Lemma l3.2[ there exists 
a universal constant A[ depending only on R'q such that ^fj^ < Aie^"^. Assuming 
that V+, > 0, the previous inequality will be satisfied provided that 

- V|' - (n - 1) coth(r)y| - 2A[e-'"'Vl + nip'lV+ = 0, (15) 

where is the Anti-de Sitter-Schwarzschild solution vanishing at r — Rq. Let A 
be a positive real number to be chosen later. From standard theory, there exists 
a unique solution to Equation ([T5|) defined on [i?Q,oo) such that V+(i?o) = A and 
VUR'o) = 0. 

We first claim that V+ and V_l are both positive functions on (i?o,oo). Indeed, 
rewriting Equation ()15|) as 



+ ((n - 1) coth(r) + 2A'ie-"'^) = rvplV+, (16) 

setting R := inf{r > R'q, V+(r) < 0}, and assuming that R < oo, we have V+ > 
on (i?Q,i?) and V+(i?) = 0. Hence, regarding (|16p as a first order homogeneous 
ordinary differential equation for V_[ , we conclude that V_[ > on {R'q ,R). In 
particular, V+{R) > V+(i?Q) = A > 0. This contradicts the definition of R. The 
claim is proved. 

Next we prove that = Q;Acosh(r) + 0(e^*^"~^^'') for some constant a > 0. 
Hence setting A = l/a, we get a supersolution to Equation pUj) such that V+ ^ 
cosh(r) = V(o). To prove this second claim we set V+{r) cosh(r)i;-|_(r). By a 
straightforward calculation, wc find that V+ satisfies if and only if v+ satisfies 

v'l + (2tanh(r) + (n - 1) coth(r) + 2A'^e-'''') v'_^ 

+ (2A'ie-"'' tanh(r) + n {^1 - l)) v+ = 0. 
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From the first claim we have > 0. We introduce fc+ :~ and obtain the 
following Riccati equation for fc+, 

fcV + fc+ + (2 tanh(r) + (n - 1) coth(r) + 2A[e-'''') k+ 

+ (2A'ie-"'' tanh(r) + n ((^1 - l)) = 0. ^^'^^ 

Without loss of generality, we can assume that A'^ is chosen so large that 

2A'ie-"'' tanh(r) + n (^'l - l) > 

on (i?Q, oo). From the boundary condition V\_{R'q) = we have 

= -tanh(i?^,)i;+(i?^,) < 0. 

It is then fairly straightforward to argue that — 1 < A;+ < on (i?Q, oo). For this let 
R be the smallest r > Rq such that fc+(r) > 0. Then k+{R) = and, from Equation 
([T71) . k'^{R) < so fc+(r) > for some r slightly smaller than i?, contradicting the 
definition of R. This estimate can be further refined. We select a € (f i'^) ^"^^ set 
:= — e~"(''~''o) for some tq to be chosen later. Then fc^ > —1 on the interval 
[ro,oo). Hence 

{k-y + {k-f + (2 tanh(r) + (n - 1) coth(r) + 2A\e-''^'^) fc" 

^(a + e-"('-'-«) - 2 tanh(r) - (n - 1) coth(r) - 2^;e-"^) e-"(''-''°) 

< (a-n)e-"''-''°), 
where we used the inequality 

2 tanh(r) + (n ~ I) coth(r) = 2 f 5— + coth(r) ) + (n - 3) coth(r) 

\coth(r) / 

> 2 + (n - 3) coth(r) 

> n- 1. 

So, choosing tq large enough, we can ensure that 

{k+y + + (2 tanh(r) + (n - 1) coth(r) + 2yl'ie~"'') fc:^ 

+ (2yi;e-'"' tanh(r) + n ((^1 - l)) < 

on the interval [ro,oo). A slight modification of the previous argument shows that 
fc+ < fc+ < 0. Equation (flT)) then implies fc'^ = 0(e~"''). Together with the fact 
that fc_(- at infinity, this implies fc+ = ©(e^"*"). Thus we infer that 

logw+(r) ^logA + Ai + 0(e"'"^) 

for some constant /i. Hence, 

w+(r) = Ae^ + 0(e-"'^). 
This proves the second claim with a = e''. 

Finally remark that since fc_|_(r) — ~(7y < and — !■ 1 at infinity, > 1 

so > V(o). 

The construction of the subsolution V- on H" \ Bj^i^ is entirely similar. The only 
difference is that we select V_(i?g) = and VL{R'(j) > 0. The function V- then 
satisfies V- < V^q)- 

From now on we will work on the entire manifold M. Using the diffeomorphism 
<1> we define open sets i?^ in M through the relation $(M \ B'j^) = IT- \ for 
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R> Rq. The set B'j^ is the part of M inside an approximate geodesic sphere in the 
asymptotically hyperbolic end. By abusing notation we consider the functions V± 
and V(o) as defined on M \ K through the diffeomorphism $. 

Our proof of existence of the function follows jlBj . For any r > Rq there exists 
a unique function solving (ITUl) inside the sphere of radius r with Dirichlet data 
V = V(o) dB'j.. From the maximum principle, > 0. Then a second application 
of the maximum principle in the annulus B'r \ B'j^, yields > V- . We extend the 
function V+ by A on B'j^, . This new function V+ is a C^-supersolution of (fTO|) in the 
weak sense. Hence y < V+ (see for example [15l Theorem 8.1] for more details). 
In particular, the functions V are uniformly bounded on compact subsets. Then a 
standard argument using elliptic regularity and a diagonal extraction process yields 
existence of the function . Similarly, we extend the function V- by zero on B'j^, . 
The function V- extended this way becomes a subsolution in the weak sense so the 
functions y satisfy >V-. In the limit, the function is pinched between 
and V+, 

V- <V<^ < V+. 

This proves that - V(o) = 0(e-("-i)''). 
We note that 

Afy(o) = U-^incosh{r) + 2^sinh(r) = nV(o) + 0(e-("-i)''). 

Hence, 

+ n) - y(o)) - 0(e-("-i)'-). 

The estimates for d{V^ — V(^q-^) and |V'^'^'y^| follow from standard elliptic regularity. 

We finally prove uniqueness of . Assume that Vi is the function we constructed 
before so that V- < Vi < V+ and V2 is another function satisfying AV2 = nV2, 
V2 ~ V(o) . From the strong maximum principle we have Vi > 0. We compute 

nV2 = A (^Vi 

= V,i| + 2(dr.,,i(|)) + ^AF, 



= A ■ " ' i ^ 



so 

n = A , ^ . 

Since Vi ^ V2, the function V2/V1 tends to 1 at infinity. From the strong maximum 
principle (which can be applied here since if V2/V1 is not constant, the maximum 
of IV2/V1I is attained at some point p G M), we conclude that V2/V1 — 1. □ 

Proof of Lemma \3.9[ From Lemmas 13.21 and 13.81 there exist universal constants 
Bq,Bi, . . . such that 



y (fe)/jn 



< Bk 



for any fc = 0, 1, . . . on the support of x- Hence 

\g{X,X)-gs{X,X)\ = \sT{X,X)\ < \s\Bog{X,X). 
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for any X g TM. So if \s\ < vje have 

]^g{X,X) < gs{X,X) <^g{X,X). 

Wc denote by V^'' the Levi-Civita connection of gs- The difference between V^" 
and is a symmetric vector valued 2-tensor r(s), 

V5r-v^"r = r(5)(x,r). 

In coordinates r(s) is given by 

r.y (s) = \gf (V,(.9,)y + ^,{gs)a - ^ligsh) 

= (V.(xr,,) + V,(xT.O - ViixT^,)) , 

where we have denoted by V = the Levi-Civita connection of the metric 50 = 5- 
The scalar curvature of the metric gg can be written as follows, 

ScaF= = 5:^Ric^^ + g^ (v,rj,(s) - ViTl,{s) + T\^{s)Tl{s) - T^s)^^{s)] 

From this formula it is not complicated to see that there is a constant sq > 0, 
•So ^ 25^' depending only on Bq, Bi, B2 and n such that 

IScaF'- - ScaF| <n-l 

for \s\ < Sq. From the bound on ScaF° it follows that the constant functions 

(f- = {'^^^)^^'^ and (p+ = (^^^)^^'* are respectively a sub-solution and a super- 
solution of the Yamabe equation 

_ 4(n_l)^g,^^ ^ ScaF>, + n(n - l)ip':+^ = 0. (18) 

71 — 2 

Arguing as in the proof of Proposition 13.61 there exists a unique solution ips of (jl8|) 
such that ips is bounded from above and away from zero. Further ip- < fs ^ f+- 
We next prove that the map s 1— > tps is analytic. We consider the map 

(m,s) ^ -;i^^Aff=u + ScaF=(M-Kl)-Kn(n-l)(u + l)'^+i, 

where fl — {u G Xg'^,u > —!}■ Hence, for any s G [— so,so]j Us = (^Ss — 1 is the 
only solution to the equation 5(m, s) = 0. Further 5 is an analytic function. The 
differential of S with respect to u at any point {us, s) is given by 

Z?„SK,s): XfP ~> Xf^ 

V ^ -^^^^AS'^v + {ScaV' + {K + l)n{n~l)(p^)v. 

We remark that 

ScaP + (k + l)n{n - Ij^p^ > -{n + l){n - 1) + (k + - 1)^ 

2n{n - 1) 
- n-2 ' 

from which it follows that the L^-kernel of £'„S(us, s) is zero. From the Fredholm 
alternative (see [Ml Proof of Proposition 5.1]), we conclude that Du'B.(us,s) is 
invertible. Using the implicit function theorem, this proves that the map s i-> 
(^s - 1 e Xl'P is C2. 

To prove the asymptotics of Lps^ remark that the metric As falls into the class 
A{R-i). Hence the estimates (fT2|) are consequences of Lemma |321 D 
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Proof of Lemma \3.10[ We first estimate the first and second derivatives of (ps with 
respect to s. We differentiate Equation (fTSl) with respect to s and find the following 
equation for (ps, 

4(n- 1) 



n-2 



-A^'ips + Scal^'ips + (k + l)n{n - l)ip'^(ps 



4(n - 1) dAB" ^ScaF" 

= :z — fs ^ — fs- 

n — 2 OS OS 

Note that the right hand side has support in the annulus Aji'^ j^-^ and by Lemma 
13.91 it is thus bounded by some universal constant C. We also remark that, since 

9n(n — ^) 

ScaF' + l)n{n - l)ip^ > 

n — 2 

and since ips tends to zero at infinity (this is a consequence of ips G ^5'^), we have 

, , - 2 
sup < — —C. 

2n(n — 1) 

By standard techniques one can then prove that ||<Ps|Ix2.p(H''\_Bh/ ) — ^ some 
universal constant C. The same strategy can then be used to study the second 
order derivative of ^ps- However, the calculations are lengthy and we do not include 
the argument here. 

The last step is to prove that H{s) is a function of s. For this we write H{s) 
as follows (see [18l page 114] or [11] for more details), 

H{s)^Hl^{V) 

(y(div'' e, - dtr'' e,) + (tr'' e,)dF - e^iV^'V, •)) (^^aJ V 

/ (v (Scal^= - Seal*") + Q(e„ V)) dfi'' 

(y(div'' - dtr'' e,) + (tr** e,)dV - e,(V^y, •)) (i^i?J V 

+ / Q(e„V^)V 

where = As — 6 = {'pIU'^ — 1)5, and Q(V, e) is an expression which is linear in 
V, quadratic in and its first derivatives and cubic in (As)~^. It corresponds to 
the negative of the non-linear terms in the Taylor expansion of 

/ V (Scal^= - Seal'') dfJ' 
Jm^\BR^ ^ ' 

with respect to 65 = As — h. Since As = {ULps)'^b on H" \ Bji^, this expression can 
be explicitly computed, 



Q(e. 



d^ps 



"08 



where ips ■= {UfsY- Written in this form, one can see that H{s) depends in a 
fashion on s from standard theorems on the derivative of integrals. 
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From the estimates we have fomid for ip{s) and v3(s) together with Lemmas 13.2 
and 13.91 it is not comphcated to deduce that H{s) and H(s) are uniformly bounded 
on the interval [— sq, sq]. □ 

Proof of Proposition \S.lll For we have 

Hess^f \ \ ^ 

es ^ Xs - b ^ (p, {g - sx \Ric 11^' 

the derivative of this with respect to s evaluated at s = is 

f^g Hessl/A 1 2 
e = Kipg - X I R-ic — — j -■ ^ + e ■ 

The conformal factors ips satisfy the Yamabe equation 

Afr, - 1) 

-A9>, + ScaF=v3, = -n{n - l)<y9^+^ 



n - 2 

Differentiating this at s = and using the fact that ipo — I we find that 
_ 4(»- + Scaf (<?) + ScaF(^ = -n{n - l)^^^;', 

or 

4(n - 1) 



n- 2 

We compute 



(AV-n</?) = ScaF(g). (19) 



lim 



(y(div'' e - dtr'' e) + (tr'' t)dV - e(V''V^, •)) {vr) d[i^ (20) 



r— >oo 



lim / (yf(divSe-dtrf e) + (tr9e)dy5-e(VfF^-))('^r)^Ai^ 



where we can change from the metric 6 to the metric g since g is asymptotically 
hyperbolic and the function has the asymptotics specified in Lemma [3.81 Note 
that since e-i has compact support its contribution to i?(0) is zero. For the terms 
with — Hupg in (j20p we have 



lim 

r— >-oo 


/. 


lim 


4(n 


(n- 


4(n- 


-1) 


(n - 


'2) 


4(n - 


-1) 


(n - 


'2) 


4(n - 


-1) 


(n - 


-2) 



div^ [LpdV^ - V^dip) d^B 
Jm 

V9 (A^ip - nif) d^s 

M 



y3ScaF(5) d^l<^, 

M 
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Hcssys 



IS 



where the last equahty was obtained using (|T9)) . Here g — —X (^Ric — 

traceless. So from the formula for the first variation of scalar curvature, see [3 
Theorem 1.174], we obtain 

ScaF(g) ^ div^ div» g-AHrSg- {g, mc<^)g 

= div9 div5.g- (.g,Ric®)g 

-.n 2 



X 



Ric 



- <jHess(V^»),Ri^''J> - div^ divS(xRi^'') + div^ div^ xHessys^ 



Thus, replacing this expression in the formula for m and integrating by parts, we 
get 



H{0) 



M 



Ric 



M 









HessF» 





xV' 



M 



Ric 



V9 



X[Ric ,Hessyf^ dn^ 



□ 



4. Near equality case of the positive mass theorem: the spin case 

In this section we will prove a version of Theorem |^ with an argument using 
spinors. This follows closely the ideas of [6l Section 12], see also the appendix of 
pT] , We only give a sketch of the argument. We first introduce the following class 
of asymptotically hyperbolic manifolds. 

Definition 4.1. For Rq > 0, we define the class ylSp'"(i?o) of 4-tuples (M, g, $, U) 
such that 

• (M, g) is a complete asymptotically hyperbolic Riemannian spin manifold 
with respect to where $ is a diffeomorphism from the exterior of a compact 
set K c M to H" 

• ScaF > -n{n - 1), and ScaF = -n{n - 1) on M \ K, 

• U is a positive function on I¥^\Bj^^g such that U ^ 1 infinity and ^^,g = If^b, 

• the coordinates at infinity $ are balanced. 

We prove the following theorem on the near-equality case of the positive mass 
theorem for spin manifolds. 

Theorem B. Let Ri > Rq and e > 0. Then there is a constant d > so that 

on H" \ Bii, for all (M, g, $, U) G A^P"'{Ro) with mS < 6. 

We fix the constant i?o > and abbreviate A^p'"^{Ro) = A^p'"\ We begin by de- 
scribing the relationship between Killing spinors and the asymptotically hyperbolic 
mass, for this we follow closely the discussion in JT, Section 4]. 

Since M is a spin manifold there is a spin structure and an associated spinor 
bundle SM on {M,g). On SAf we define the connection V by 



-X ■ LO. 

2 ^ 
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Here is the Levi-Civita connection for the metric g, f is a section of the spinor 
bundle, and the dot denotes the Chfford action of tangent vectors on spinors. 
Spinors ip which are parallel with respect to V are called (imaginary) Killing spinors. 

We will now describe the Killing spinors on hyperbolic space. The ball model of 
hyperbolic space is given by the metric oj^^S, where uj{x) — ^(1 — \x\'^) and ^ is the 
flat metric on the open unit ball in R" . In this model the Killing spinors on H" 
are all spinors of the form 

(ps{x) — uj{x)^^^'^{l — ix-)s. 

Here s is a constant spinor on (_B",^), or equivalently an element of the spinor 
representation space S. For the Clifford action we identify points in i?" with 
tangent vectors. For any Killing spinor ips on H" its squared norm Vs '■— \^s\'^ 
is an element of M. Every element of N' of the form V(o) — X]"=i where 
(ai, . . . , a„) € S"""^ is equal to Vs for some Killing spinor (ps- 
Using the connection we define the Dirac operator by 

n 

1=1 

where e^, i — 1,. . . ,n, is an orthonormal frame for g and — X]"=i ' 
the Dirac operator associated to V^. The Schrodinger-Lichnerowicz formula for 
has a boundary term related to the asymptotically hyperbolic mass. If (M, g) is an 
asymptotically hyperbolic manifold with diffeomorphism ^ : M \ K H" \ i? at 
infinity, then the Killing spinor (ps on H" can be pulled back to a spinor ^*ips on 
M\K. If ips is a spinor on M with D^il>s = and — ^*(ps ^ Q at infinity then 
the Schrodinger-Lichnerowicz formula for tells us that 

see [IS (4.11) and (4.22)]. 

We denote by H the space of positive smooth functions on M^\Bj^g which satisfy 
the Yamabe equation ([3|) and tend to 1 at infinity. In the proof of Theorem |B] we 
use the functionals J-g defined ior U E H by 



■0 — $*(y9s — ?► at infinity 



where g — V^b and s G S. The infimum is attained by a spinor satisfying 

(V«)*V3^ - - '-e^ + ^e.-) V = 0, 

Vlip at the inner boundary of (H" \ Bn^^g), 

— ^*ips ~> a.t infinity. 

The following Lemma is similar to [B] Lemma 12, page 231]. 

Lemma 4.2. J-g is continuous with respect to the topology on H . 

Proof. Let Ui, U2 be functions in H and set 51 = C/f &, (72 = C^2^ = W'^gi, where 
W :— U2/U1. Let tpi and ^2 be the minimizers for Fs{Ui) and Fs{U2)- Using 
standard methods of identifying spinors for conformal metrics (see for example [191 
Section 5.2]) we identify the spinor ifii defined for the metric 171 with the spinor 
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ipi for the metric §2- Further, we can express the covariant derivative V^^ipi as 
a leading term which is V^^'0i fohowed by terms involving dW and ipi. We then 
compute 



Here the remainder E{W, ipi) is given by an integral over H" \ Bji^ where each term 
in the integrand is quadratic in ipi (containing ipi or V^^-^i) and contains one or 
two factors of the type (1 — W^) or dW. Since the minimizing spinor ip for J-s{U) 
depends continuously on U we conclude that E(W,ipi) can be made arbitrarily 
small by choosing U2 sufficiently close to Ui in . By interchanging Ui and U2 we 
get an inequality in the other direction, and we conclude that is continuous. □ 

Let e S be such that 



Proof. Since the integral in the definition of J^s{U) lacks the non- negative term 
involving scalar curvature and is taken over a smaller domain it is never larger 
than the integral in (HI]). Further, the infimum in the definition of J-s{U) can only 
decrease the value of the integral in (I?!]) and we conclude that 




Fs{Ui) + E{W,il:i). 



We define the functional F by 

In the next Lemma we prove that the mass bounds T{U). 
Lemma 4.3. For {M,g, $, U) £ A^^'"^ we have 

F{U) <{n- lV„_im». 



Therefore 



<liH^{V,+ )+H^{V,-)) 

= \ (H^iV^o) + V^d) + H^iVio) - T^(i))) 



follows from 



□ 



Lemma 4.4. J-{U) = if and only ifU=l. 
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Proof. If J-{U) ~ then Fg+{U) — and Fg-{U) — and both the infima are 
attained by non-trivial Kilhng spinors. The existence of a non-trivial Killing spinor 
implies that g is an Einstein metric with scalar curvature —n{n—l). Since the metric 
g is also conformally flat it must have constant negative curvature —1. Since U ^ 1 
at infinity we conclude that U =1. If [/ =1 then g is the hyperbolic metric which 
has Killing spinors, and thus J-{U) =0. □ 

Proof of Theorem\^ As in the proof of Theorem lAl we argue by contradiction. We 
assume that there is a sequence {Mk,gk,^k,Uk) of elements of ^^p'" such that 
mf'= tends to zero while |C/fc — 1| > e. Arguing as in the proof of Theorem [K[ a 
subsequence of [7^ — 1 will converge to a limit Uoc — 1 in Xg'^{M" \ Bn-^) for which 
supjjny^^^ \Uoo — 1| > £• From Lemma [4.21 we see that \mik ^ oo J^{Uk) — ^{Uoo), 
and from Lemma [4.31 we have Vmvk^oo ^{Uk) = 0. Lemma [4.41 then tells us that 
Uoo = 1 which is a contradiction. From this we conclude that for every e > there 
is a (5 > such that for {M,g, $, U) belonging to yl,^P™ with < 5 it holds that 
supjj,!^^^^ \U ~ \ \ < e. The Theorem now follows from Proposition 13.41 □ 



Appendix A. The Anti-de Sitter-Schwarzschild spacetime 

In this appendix, we discuss the Anti-de Sitter-Schwarzschild metrics in dimen- 
sion n following [24j Section 2] where the case n = 3 is treated. These metrics are 
also called Kottler metrics with negative cosmological constant. Furthermore we 
explicit the lapse function, see [IS] for the 3 + 1-dimensional case. 

A.l. The metric in areal coordinate. Let g be a Riemannian metric on the 
n-dimensional manifold M and let 

7 := -1/2 dt^ -I- g 

be a Lorentzian metric defined on manifold Al R x M . If we assume that 
the function V does not depend on t then 7 solves the Einstein equations with 
cosmological constant A, 

RicT _ + A7 = 0, 

if and only if 

Seal'' = 2A, (22a) 
^. „ Hessf T/ AST/ 

Ric'' ^ -f -^5 = 0. (22b) 

Such a metric g is called static. See also [iTJ Equations (0.1)-(0.2)]. In what 
follows we will always assume that when the metric is not indicated, the curva- 
ture tensors and the connection are defined with respect to the metric g. We are 
interested in the case of negative cosmological constant. We assume that 

nln — 1) 
A = ^ -, 



which can always be achieved by a rescaling. From Equation ()22a|) . this imposes 
Scal^ = ~n{n — 1). Taking the trace of Equation (|22b| yields AV = nV so we can 
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rewrite the system as 



Hessfj- V 
V 



ScaF = 1), 
+ ngij = 0. 



(23a) 
(23b) 



Note that the slice i = is totally geodesic. In particular, marginally (outer) 
trapped surfaces correspond to minimal surfaces for the metric g. We now assume 
that the metric g is rotationally symmetric. Such a metric can be written in full 
generality as g — ds^ + k(s)'^a where a is the round metric on S'^~^. The mean 
curvature of a surface of constant s is given by H{s) = (n— 1)^- So, in a region 
where no surface of constant s is a minimal surface, k has non- vanishing derivative 
and we can use it as a radial (areal) coordinate p so that 

g = f{pfdp^+p'a. 

In what follows we assume that the coordinate index 1 corresponds to the p- 
coordinate while upper-case latin letters represent coordinates on the sphere and 
run from 2 to n. The Christoffel symbols of the metric g are given by 

L 

/' 

0, 



^ 11 
pi 

i lA 
^ 11 



= 0, 



^ IB 


— "Bi 

P 


^ AB 


P 


\^ AB 


^lAB, 



where are the Christoffel symbols of the metric a. The components of the 
curvature tensors of the metric g can then be computed, 

1 



KIJ 



7^" 



KIJ 



KOJ 

RicKj 
Ricij 

Ricii 



1 
0, 

El. 

P 

(n 



{Sfa 



IK 



jCriK) 



<^JK, 



2) 1 



1 



P 



O'.IK, 



= 0, 



[n-D- 



'pP 



(n- l)(n-2) 
? 



What is interesting about these formulas is that the curvature tensor depends 
only on the first derivative of /. In particular, Equation (j23b[) becomes 

/' n-2 



-n = 2 



PP 



1 

P 



(24) 
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Defining u through f{p) — u{p) 2 we get 

u' , M — 1 

- + (71-2)^ = 

p p 

The general solution of this equation is given by 



1 



2m 

r,n-2 



where ?Ti is a free parameter that can be identified with the mass. Our next goal 
is to find the lapse function V — V{p). Equation (|23bp can be decomposed into 
radial, tangential, and mixed terms. The mixed terms vanish while the other two 
lead to the following equations. 



= (n-i)y^ 
PI 



{n ■ 



1 



1 



Pdif 
P 



P 



diV + np^V. 
to yield 



(25) 



The second equation can be combined with Equation 

Hence V = j. Up to a redefinition of t we can assume that V = j. It is then a 
simple calculation to see that the first line of Equation (|25p is also fulfilled. Hence 
the Anti-de Sitter-Schwarzschild metric can be written as follows. 



7AdSS 



1 



2m 



dp' 



1 



p- 



p^a. 



We now study separately the cases m > and m < 0. 

A. 2. The case of positive mass. The metric g is only defined on the set {p > 
o(m)} where a(m) is the unique solution of 

2m 



1 



P 



n-2 



We define 



hmip) 



= 0. 



ds 



2m 



and the functions r and by 

l + e-''™(p) 



P 



sinh(r) 



l_e-'i™(p)' 

We note that r r^{ni) > when p — ;> a(m)+. The function r : (a(m), 00) — > 
(ro(m), 00) is a smooth increasing function of p. We remark that 

p — ipn-2 sinh(r), 

dp ^ dr (26) 

The metric g can then be written 

g = (^dr' + sinh(r)^CT) . 
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The mean curvature of the hypersurfaces of constant p is given by 

2(n — 1) 9r</5 



(n — 1) coth(r) + 



(27) 



A simple calculation shows that ip and drP are continuous at r = rQ^m) and that 
the hypersurface r = ro{m) is a minimal surface. 

We next show that the manifold can be doubled to a complete asymptotically 
hyperbolic manifold of constant scalar curvature. For this we first switch to the 
conformal ball model of hyperbolic space and set 

- 1 

T = . 



The metric g becomes 

4y'"- - / , 2 , 2 ^ 



and is defined on the annulus 6(m) < |a;| < 1 in M" where r = |a:| and 6(to) is given 

by 

gro(m) _ I 

b(m) = -. — ^ . 

^ ' gr-o(m) _|_ I 

As is well known, the inversion 

i: M" \ {0} ^ M" \ {0} 

is a conformal transformation. Pulling back the metric g to the annulus b'^{m) < 
\x\ < b{m) by the inversion, we get the following extension of the metric g, 

4 

4/iTi / I 2 I 2 \ 



(1 -r2)2 



where 



^ [^^(r) if6(m)<r<l, 

p(m)V~ ( ^7^) K^n? < t < b{m) . 

In the following propositions we collect the basic properties of the metric gAdSS- 
Most of them are useful in the course of the proof of our main results. See also [211 
Section 2] in for the three-dimensional case. 

Proposition A.l. For each m > the Anti-de Sitter-Schwarzschild metric is 
asymptotically hyperbolic and is defined on H" \ B^,riY ■ Moreover, 

1. fm > 1, fim^^l /m(T) = 1, lim.r^6(m)2 frnir) = CO. 

2. There exists a constant C > independent of m such that /,„ < l + Cme""'' 
provided that r > ri (to) , where ri is a nondecreasing continuous function of 
TO such that ri{m) > ro{m). Consequently, fm = l + 0(e^"'') ivhen r — > oo. 

3- ffAdSS has constant scalar curvature —n{n — 1) and mass m. 

I drfm < 0. 

5. The hypersurface r — ro{m) is the only compact minimal surface. 
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Proof. The mass of (?Adss is easily computed using pjj Formula (2.25)], and Prop- 
erty 3 follows. 

Fixing r > ro(m), we remark that for all s £ (a(m), oo), 



I, / ^ I. / ^ 1 1 Vl + s2 + 1 
/im(s) > ho{s) = - In — -. 

^ Vl + s-^ — 1 

In particular, if sinh(r) > a(m) we get 

ft,,„(sinh(r)) > In ^coth . 

Since hm{p) = Incoth ^, and since ft,,„ is decreasing, we have p > sinh(r). Obviously 
sinh(r) < p if sinh(r) < a(m). This proves that Lp = ^.^^^^^ > 1 for any r > ro(m). 

We next find an upper bound for /„. First, it is clear that a(m) < (2to)^/". If 
we assume that p > (2m) then p > a{m) and 



hmip) 



ds 



s 



vr+^./i- 



< 



(1 + ^2)5^-2 

1 ds 



arcsinh(p~^) 
\/l — mp~^^ 
1 

lh/lm(p) ' 



Observe also that sinhr = . ,} , . , hence ^4— = psinh/im(p)- Set 



7]{t) := sinh 



arcsinh(p ^) 



Let i?i > be fixed, and assume that p > max{r^^(_Ri), (2™)^/"}. Using the mean 
value theorem and the inequality arcsinh(p^^) < p^^ we have 

sinh/im(p) ri{mp^'^) 

<T]{0)+mp^" sup T]'{9mp^") 
Q<e<i 

, ,„ / arcsinh(p~^) , / arcsinh(p^^) \ \ 

= p-^ + mp-" sup — , cosh = 

o<e<i V2(l-0mp-")3/2 \^ ^1 - 0rnp-« / / 

< p-i (1 + Cmp-") , 

for some constant C > which does not depend on m. Since p > sinhr it is now 
easy to check that — (psinh/im(p))^^ < 1 + Cme~"^ (possibly for a larger 
constant C > 0), provided that r > ri{m) := max{i?i, r((2m)-^/"')}. By definition, 
it is clear that ri(m) > rQ{m). The second statement is thereby proved. 
Next, fm solves the Yamabe equation 

_ 4(»- l) ^fc^^^ + _ 1) (^/jp _ f\ = 0. 



In polar normal coordinates we have y^det{b) — sinh(r)" ^. Hence, from the well 
known formula 



A/„, = -j^=d, (^d^b^^d.u) 
Vdct(6) V / 
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we infer that 

dr (sinh(r)"-i9,/„,) = !fc^sinh(r)"-i (^0 - f„?j . 

Assume that drfmij) > for some r. Then, drfmir) > for all r > f since fm > ^■ 
This contradicts the fact that /m — > 1 when r — )• oo, /,„ > 1. Hence, drfm < for 
all r. 

We finally prove that the hypersurface r = roijn) is the only minimal surface. 
From Formula (|27p . the sphere of constant p has mean curvature 



^(p) = ("-i)Vi + 7-7r- 

For any p > a{m) we have H{p) > 0. Thus by the maximum principle for minimal 
surfaces, if S is a minimal surface, then sup^^ p < 0, that is supj; t" < b[m). By 
symmetry, we also have that inf^ t < h{m). This proves that E coincides with the 
sphere r — rQ^m). □ 

Proposition A. 2. a(m), ro(m) and h{m) are continuous increasing functions of 
m. Further, 

1. a{m), ro{m), b{m) as m ^ 0, 

2. a(m), r(){m) — > oo and b{m) — > 1 as m oo. 

Proof. It is easy to see that a(m) is a continuous increasing function of m. Since 
the function p i-^ 1 + p'^ — is increasing, we know that p^{m) < a[m) < p+{m) 

o<i + pI-—^, 

p+ 
9 2™ 

One can select — m^/". Assuming m > 1, we choose 

Simple computations shows that both inequalities are fulfilled. Hence for large m, 
a(m) ~ (2m) -^Z". For small positive m, we obviously have < a(m) < pj^{m). So 
a(m) — >■ when m — > O"*". 

We next turn our attention to the function rg. We first give an upper bound for 
h„i{a{m)) as follows. Remark that on the interval (a(m), oo) we have 



„2 2 m 

provided that 



1 + ^ > 1 + - 



2m o 2to 



= l + .s^-(l + a(m)2) 
= s'^ — a(m)'^. 

Hence, 

In coth^^ U/i™ a m < / _=== = -_, 
This implies that ro(m) — )■ oo as m — >■ oo. 
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In order to estimate ro when m — > 0+ we give a lower bound for /im(a(m)), 



In coth — - — = hm{a{m)) 



ds 



a(m) _^ g2 _ «(m)"+a(m)" { 

ds 



> 



> 



> 



a{m) 2 -y/s" — o(m)" + s"~2 — a{m)"~'^ 
ds 

.s2-f y(.s - a(T77))(r7..s"-i + (n - 2)s"-3) 
a(m) (s - a{m)){ns'^ + (n - 2)) 



> 



\/2n - 2 Ja(m) \/sis - a(m)) 



It is obvious that the last integral diverges when a(m) 0+. Hence ro(m) — > 
when m — )• 0. 

The limits of 6 follow from the relation b{m) = ^rl(m)^\ ■ ^ 

A. 3. The case of negative mass. Remark that when m < the function h{m) 
tends to a finite positive value at r = 0. Changing to the p coordinate, this means 
that the metric g = (fi^^{dr^ + sinh(r)2CT) is only defined for r > ro(m) such that 

hm{0) = / — , = = In ■ 



The function y> satisfies </?(ro(m)) = 0. 

Proposition A. 3. The function m i-)- ro(m) is continuous and strictly decreasing 
on the interval (— oo,0). Further, 

1. 

lim ro(m) = 
Um ro(m) = oo 



2. The Junction fm ■= ^ '■ EI" \ ^^ro(m)(0) solves the Yamabe equation 
with zero boundary value on 95^0 (m)(0) and satisfies /,„ < 1. 

3. There exists a constant C > independent of m such that > 1 — C'me~"'^ 
provided that r > ri{m), where ri is a nonincreasing continuous function of 
m such that r\{m) > ro(m). Consequently, /m = 1 + 0(e~"'') when r ^ oo. 

4- drfm > 0. 

Proof. We remark that the integrand is positive and strictly increasing with respect 
to m. From dominated convergence, it is easy to argue that m i— >■ hm{0) is continu- 
ous. When |m| — )• oo, the integrand tends to so limTO_,._oo hm{0) = 0. This forces 
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lhjim-^~ooro{m) — oo. Similarly, when m — )■ , by the monotone convergence 
theorem, 

hmiO) -> / ^ = oo. 

Jo sVl + s-' 

Hence, lim„_^g- ro(m) — 0. 

The properties of fm follow in the same manner as their counterparts in the case 
TO > (see Proposition I A. 1 p . We only remark (for a future reference) that having 
fixed i?i > one may define ri{m) as ri{m) :— max{i?i, r((— Cm)^/")}, where the 
constant C > depends on Ri only. It is then obvious that ri (to) > vq (to) . □ 



A. 4. A characterization of Anti-de Sitter-Schw^arzschild spacetimes. In 

this section, we give a characterization of Anti-de Sitter-Schwarzschild metrics 
which is useful in the proof of Theorem]^ See [2^ for similar results. 

Proposition A. 4. Let K be a compact subset o/H" such that M"\K is connected 
and U, V two functions defined on H" \ K . Let g :— U^b. Assume that the metric 

-V^dt^ + g 

is static with cosmological constant 

n(n — 1) 

A = ^ -. 

2 

Assume further that the function U is bounded from above and away from zero and 
that the function V is positive, tends to infinity at infinity and has no critical point 
outside a compact set. Then there is a point xo G H" and to g R such that 

U = /™(r), 

where r := d^{xo, •). 

Proof. In what follows, covariant derivatives and curvatures are defined with respect 
to the metric g unless stated otherwise. 

Since g = If^b on H" \ Bjf^ is conformally flat, it has vanishing Cotton- York 
tensor (see for example [SJ Proposition 1.62]). Since g has constant scalar curvature 
this is equivalent to 

ViRicjk - VjRk.fc = 0. (28) 
From the static equations (|23ap - (j23bp it follows that 

Hess(F) 



Ric 



V 



where Ric := Ric + {n — l)g denotes the traceless Ricci tensor and Hess(V") denotes 
the traceless Hessian of V (which in index notation is denoted also by Wi,jV). From 
and the fact that 

RessiV) I / o AV \ Hcss(y) 

^— = — RessV H g = — + q, 

V V\ n ^ V 
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we conclude 



' V ^ V 



v^Vj^/kV VjV.Vfcy ^ikyy^v , ^iky^jV 



V V V V V V 

= -7^' 



' ^"-i y V V ' V V ' 

Since g is conformally flat its Weyl tensor vanishes, so 

^ Seal 1 TTT- 1 1 ^rr- 

where © denotes the Kulkarni-Nomizu product (see for example [51 Definition 
1.110]). As a consequence, we get 



= -7^' 



kij ' 



V V V V V 



[9h9kj - 9io9ki) y — H y — 

1 /. . . N 

- [^'^^ii9k] + R.iCfcj5ii - Ricijgki - RiCkigij j 




(29) 



V ] V 



We set := ^y-^^^. Contracting the previous equation with '^-^ we get 

This is possible only if ^ and are colinear. We let A be the function such that 
w 

V 



^ = (n - 1)A^. Equation ^ then implies 



This is possible only if 
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for some function ^. The trace of this last equation gives a direct relation between 
A and /x, 



Hence, 



dV 



V 



^ V ^ V V n 
By a straightforward calculation, we have 



dV 



V 



dV 








dV 














V 






V 





V 



(30) 



We now choose Vb to be such that V has no critical point outside oo, Vq). We 

remark that V~^{Vo,oo) is connected. Indeed if it was not, from the assumption 
that V is proper it would have one bounded connected component fi. Since V = Vq 
on 9rj, V reaches a local maximum on £7 which contradicts the assumption that V 
has no critical point on £7. We let Sq be the boundary of a connected component 

of V^^^(— oo, Vo). Equation (|30l) shows that |^| is constant along Sq- Plugging 
Equation into we get 



= V,Ai 



V V 



dV 



V 







dV 


1 + - 




n 




V 



9jk - Vj-^f 



V V 



9ik 



1 


dV 


' \ 


n 


V 


gik 1 



dV 


2 




V 




( 



V 



93k- 



V 



Taking the trace of this last equation with respect to j and k we get 



dV 


2 


V 





V 



This implies that fi is constant on the hypersurface So- The second fundamental 
form 5 of Eq is equal to the normalized Hessian of V restricted to TEo, that is 



Oij — 



V 



\dV\ \dV\ 



1-^ 



dV 



V 



(31) 



Hence the hypersurface Eq is umbilic with constant mean curvature. From the 
conformal transformation law of the second fundamental form, Eq is umbilic for 
the hyperbolic metric b as well. Since it is also compact it is a round sphere. 
Note that the curvature of Eq is given by the Gauss Formula, 



V 1 

Tz^" = n + -S & S. 
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From the form of the Riemann tensor of g and the special form of S, we immediately 
conclude that the metric induced on So has constant curvature, 



1 - — - IHess(F) HessfF) 



-g&g + 



1 Hess(F) 



25 ©5 



1 /i 



n — 2 n 



V 



dV 



®5- 



1 / Hess(T/) 



/ Hess(F) 



V 



2 \dV\^ 
1 



1 



n — 2 n 



dV 



V 



1 V' 



where we used the fact that 



2\dV\' 



Hess(F) 
V 



\dvr 



1-^ 



V 



1-^ 



dV 



V 




dV 



V 



'5, 



dV 



V 



9 



when restricted to TEq- 

We claim that the level set V^^{Vq) is connected. Assume that it contains at 
least two connected components Eo,Si. Since V~^{Vo, oo) is connected and open, 
it is path connected so we can join Sq and Si by a path 7 in V~^{Vo,oo). If v is 
larger than Vq and the supremum of V on 7, then So, Si and 7 are contained in 
the same connected component B of V~^{—oo,v) U K which is a ball. Then, for 
the gradient vector field W the two hypersurfaces Eq and Ei are sources while 
the boundary of B is the only sink. Since has no zero outside ¥"^{—00, v) this 
contradicts the Poincarc-Hopf theorem. 

Note that our reasoning applies to any v larger than Vq, so the level sets V^^{v) 
are all round spheres. 

From ([30|) we conclude that |^| can be expressed as a smooth function of V. 
We define a function s : H" \ V~^{Vo, 00) — > IR+ as s := f o V where 



fiv) 



1 



Vo 



\dv\- 



Then \ds\ = 1 so s can be interpreted as the distance function from V~^{Vo,oo), 
see [22] . The second fundamental form of the level sets of s is given by (|3ip so we 
see that the metric g is rotationally symmetric. 

Our next step is to prove that the conformal factor can be expressed as a function 
of s. 

We remark that we can reproduce the proof of Lemma 13.21 replacing Bj^g by 
V^^{Vo — £,00) and find two functions f± solving the Yamabe equation ([3]) such 
that f- <U < f+ together with |V('''(/± - 1)| < Afee""'' for any integer fc > 0. 

Since the conformal factor is bounded away from zero and from infinity, the 
metrics g and b are uniformly equivalent. Hence, taking points located further and 
further from t^~^(Vb,oo) with respect to the hyperbolic metric yields points with 
s going to infinity. This proves that s is unbounded. 
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The confornial transformation law of the mean cm'vature of the spheres of con- 
stant s is given by 

Jjbjjl-K ^ jjg^ _ '^{n ~ (32) 

n — 2 

We choose a coordinate chart (6^) on the sphere and use it to define Fermi 
coordinates on H" \ V~^{Vq, oo), so that 

g::^ds^ + f{s)af,^d0''de''. 

From our previous discussion, both and H'' are functions of s only so we can 
take the derivative of Equation ([32]) in any /i direction, 

(1 - K)H'u-''d^u = H^df^u - ^^^^a.a^f/. 

As s increases, the spheres of constant s become larger and larger and located 
further and further from V^^{Vo,oo) so — > n — 1 and from Formula (15^ and the 
estimate on U the same is true for H^. As a consequence, the previous equation 
for dp,U can be written as 

dsd^U ^ (2 + o{l))d^U. 

In particular 9^ grows as e^'' unless df^U ~ 0. Such a growth is inconsistent with 
the decay assumption |VJ7| = 0(e~"''). This implies that U is constant on the level 
sets of s. 

Without loss of generality, we can assume that the level set y = Vb is a ball 
of radius Ri centered at the origin of the hyperbolic space. From Propositions 
IA.2I and IA.3[ there are constants m_ such that /m_(^i) = and such that 
fm+iT) ^r^Ri OO. By the intermediate value theorem, there exists m e (m„,r7i_|_) 
such that fm{Ri) equals the value of U on Bflj. By uniqueness of the solution of 
the Yamabe equation ([3]) with Dirichlet boundary values, we conclude that U — fm 
on H" \ Bj^-^ . By analytic continuation, this equality must hold everywhere on 

m"\K. □ 
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